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ABSTRACT
Context. Gravity waves (or their signatures) are detected in stars thanks to helio- and asteroseismology and they may play an important
role in the evolution of stellar angular momentum. Moreover, the observational study of the CoRoT target HD 51452 by Neiner and
collaborators demonstrated the potential strong impact of rotation on the stochastic excitation of gravito-inertial waves in stellar
interiors.
Aims. Our goal is to explore and unravel the action of rotation on the stochastic excitation of gravity and gravito-inertial waves in
stars.
Methods. The dynamics of gravito-inertial waves in stellar interiors, both in radiation and in convection zones, is described with a
local non-traditional f-plane model. Their couplings with convective turbulent flows leading to their stochastic excitation is studied
in this framework.
Results. First, we find that, in the super-inertial regime in which the wave frequency is over twice the rotation frequency (σ > 2Ω),
the evanescence of gravito-inertial waves in convective regions decreases with decreasing wave frequency. Next, in the sub-inertial
regime (σ < 2Ω), gravito-inertial waves become purely propagative inertial waves in convection zones. Simultaneously, turbulence in
convective regions is modified by rotation. Indeed, the turbulent energy cascade towards small scales is slowed down and in the case
of rapid rotation, strongly anisotropic turbulent flows are obtained that can be understood as complex non-linear triadic interactions
of propagative inertial waves. These different behaviours, due to the action of the Coriolis acceleration, strongly modify the wave
couplings with turbulent flows. On one hand, turbulence weakly influenced by rotation is coupled with evanescent gravito-inertial
waves. On the other hand, rapidly rotating turbulence is intrinsically and strongly coupled with sub-inertial waves. Finally, to study
these mechanisms, the traditional approximation cannot be assumed because it does not properly treat the couplings between gravity
and inertial waves in the sub-inertial regime.
Conclusions. Our results demonstrate the action of rotation on stochastic excitation of gravity waves thanks to the Coriolis accelera-
tion which modifies their dynamics in rapidly rotating stars and turbulent flows. As the ratio 2Ω/σ increases, the couplings and thus
the amplitude of stochastic gravity waves are amplified.
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1. Introduction
Gravity waves propagate in stably stratified stellar radiation
zones, such as the radiative core of low-mass stars and the ex-
ternal radiative envelope of intermediate-mass and massive stars
(e.g. Aerts et al. 2010). When such waves (or their signatures)
are detected thanks to helioseismology (Garcia et al. 2007)
and asteroseismology (e.g. Beck et al. 2011; Pápics et al. 2012;
Neiner et al. 2012), they constitute a powerful probe of stel-
lar structure (e.g. Turck-Chièze & Couvidat 2011; Bedding et al.
2011) and internal dynamics, for example of differential rota-
tion (Garcia et al. 2007; Beck et al. 2012; Deheuvels et al. 2012;
Mosser et al. 2012). Furthermore, when they propagate, gravity
waves are able to transport and deposit a net amount of angular
momentum because of their radiative damping and corotation
resonances (e.g. Goldreich & Nicholson 1989; Schatzman 1993;
Zahn et al. 1997). Therefore, they are invoked, together with
magnetic torques, to explain the quasi-uniform rotation until
⋆ Nguyet Tran Minh passed away on January 11, 2013.
0.2R⊙ in the solar radiative core (Charbonnel & Talon 2005), the
mixing of light elements in low-mass stars (Talon & Charbonnel
2005), the weak differential rotation in subgiant and red giant
stars (Ceillier et al. 2012), and the transport of angular momen-
tum necessary to explain mass-loss in active massive stars such
as Be stars (Huat et al. 2009; Neiner et al. 2013; Lee & Saio
1993; Lee 2013). Thus, it is necessary to get a good understand-
ing of their excitation mechanisms and a precise prediction of
their amplitude.
In single stars, two mechanisms can excite gravity waves:
the κ-mechanism due to opacity bumps (e.g. Unno et al. 1989;
Gastine & Dintrans 2008) and stochastic motions both in
the bulk of convective regions and at their interfaces with
adjacent radiation zones where turbulent convective struc-
tures (plumes) penetrate because of their inertia (e.g. Press
1981; Browning et al. 2004; Rogers & Glatzmaier 2005;
Belkacem et al. 2009b; Cantiello et al. 2009; Samadi et al.
2010; Brun et al. 2011a; Rogers et al. 2012; Shiode et al. 2013).
In this work, we focus on stochastic excitation.
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In addition to stochastically excited mixed gravito-acoustic
modes currently detected with space asteroseismology, e.g. in
red giants (e.g. Beck et al. 2011), a detection has been obtained
thanks to CoRoT in the hot Be star HD 51452 (Neiner et al.
2012). In this star, which rotates close to its critical angu-
lar velocity, authors discovered gravity modes strongly influ-
enced by the Coriolis acceleration, i.e. gravito-inertial modes
(Dintrans & Rieutord 2000; Mathis 2009; Ballot et al. 2010).
They propose that these modes are probably excited stochasti-
cally by turbulent convection in the core or/and in the subsur-
face convection zone, since this star is too hot to excite gravity
modes with the κ-mechanism. Moreover, the detected gravito-
inertial modes with the largest amplitudes have frequencies be-
low the inertial one at 2Ω (whereΩ is the angular velocity of the
star), which are the most influenced by the Coriolis acceleration.
Therefore, this discovery points the potential important action
of rotation on stochatic excitation of gravity and gravito-inertial
waves (hereafter GIWs) in stellar interiors. This has been poorly
explored until now (Belkacem et al. 2009a; Rogers et al. 2013).
To identify the associated mechanisms and unravel the re-
lated signatures, we choose here to generalise the work by
Goldreich & Kumar (1990) and Lecoanet & Quataert (2013)
taking the action of the Coriolis acceleration into account. First,
in Sect. 2, we present the local rotating set-up in which we de-
scribe the different regimes of the dynamics of GIWs both in ra-
diation and in convection zones. Next, in Sect. 3, their stochastic
excitation by turbulent convective flows is studied with a par-
ticular focus on the effects of slow and rapid rotation. Finally, in
Sect. 4, we conclude on the impact of rotation on the stochastic
excitation of GIWs in stars and we discuss the consequences for
asteroseismology and for the study of their angular momentum
evolution.
2. Gravito-inertial waves in stellar interiors
The first step to explore the impact of rotation on GIWs stochas-
tic excitation in stellar interiors is to describe properly their dif-
ferent propagation regimes as a function of their frequencies.
2.1. The rotating “f-plane” reference frame
To reach our objective, we follow the local approach adopted
by Goldreich & Kumar (1990) and Lecoanet & Quataert (2013)
but taking rotation into account. We thus choose to consider a
cartesian region, centered on a point M of a radiation-convection
interface, where Θ is the angle between the local effective grav-
ity geff1 and the rotation vector Ω (see Fig. 1). Mx, My and Mz
are the axes along the local azimuthal, latitudinal and vertical
(along geff) directions respectively. We define zc, the altitude of
the transition between the radiation and convection zones. This
so-called “ f -plane” (Pedlosky 1982) is co-rotating with the stel-
lar angular velocity Ω. To write equations of wave dynamics in
this reference frame, we then introduce the two components of
this vector
f = 2Ω cosΘ and f˜ = 2Ω sinΘ, (1)
along the vertical and latitudinal directions, respectively. Follow-
ing Gerkema & Shrira (2005), both components are taken into
1 This effective gravity is the sum of the self-gravity g and of the cen-
trifugal acceleration 1/2Ω2∇S 2, where S is the distance from the rota-
tion axis.
Fig. 1. Local studied " f -plane" reference frame (eˆΩ
//
is the unit-vector
along the rotation axis). Here, the radiative and convective regions are
respectively in yellow and orange. This configuration corresponds to
the case of low-mass stars ; zc is the altitude of the transition radia-
tion/convection. The vertical structure of this set-up can be inverted to
treat the case of intermediate-mass and massive stars.
account to ensure a complete and correct treatment of GIWs’ dy-
namics, both in the radiation and in the convective regions. As-
suming constant f gives the so-called “non-traditional f -plane”,
contrary to the usual traditional approximation in which the hor-
izontal component f˜ is neglected (Eckart 1961). Taking f˜ into
account allows to correctly treat the coupling between GIWs and
inertial waves (Gerkema et al. 2008).
2.2. The Poincaré equation
To get the equation that governs GIWs’ dynamics, the Poincaré
equation, we write the linearised equations of motion of the stel-
lar stratified fluid on the non-traditional f -plane assuming the
Boussinesq and the Cowling approximations (Gerkema & Shrira
2005; Cowling 1941). First, we introduce the GIWs’ velocity
field u = (u, v, w), where u, v and w are the components in the
local azimuthal, latitudinal and vertical directions respectively.
Next, we define the fluid buoyancy
b = −geff (z)
ρ′ (r, t)
ρ (z) (2)
and the corresponding Brunt-Väisälä frequency
N2 (z) = −geff
ρ
dρ
dz , (3)
where ρ′ and ρ are the density fluctuation and the reference back-
ground density, and t is the time. The three linearised compo-
nents of the momentum equation are given by:
∂tw − f˜ u = −∂z p + b
∂tv + f u = −∂yp
∂tu − f v + f˜w = −∂x p
. (4)
Next, we write the continuity equation in the Boussinesq approx-
imation
∂zw + ∂yv + ∂xu = 0. (5)
Finally, we get the equation for energy conservation in the adia-
batic limit
∂tb + N2 (z)w = 0. (6)
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Eliminating the horizontal components of the velocity, the pres-
sure and the buoyancy, we reduce the system to an equation for
the vertical velocity
∂t,t
[
∇2w
]
+ 4 (Ω · ∇)2 w + N2∇2Hw = 0, (7)
where ∇2H is the horizontal Laplacian. We then consider a given
monochromatic GIW with a frequency σ that propagates in the
direction (cosα, sinα) in the (Mxy) plane (see Fig. 1). Intro-
ducing the reduced horizontal coordinate χ = x cosα + y sinα
(with ∂x = cosα ∂χ and ∂y = sinα ∂χ) and substituting w (r, t) =
W (r) exp [iσ t], we finally get the Poincaré equation for GIWs:
A (z) ∂χ,χW + 2B ∂χ,zW + C ∂z,zW = 0, (8)
where
A = N2 (z) − σ2 + f 2s with fs = f˜ sinα
B = f fs
C = f 2 − σ2
. (9)
Moreover, even if GIWs’ dynamics constitutes a bidimen-
sionnal problem because of the mixed derivative ∂χ,z (e.g.
Dintrans & Rieutord 2000), it is possible in our set-up to intro-
duce the transformation
W = Ψ (z) exp
[
ik⊥
(
χ + ˜δz
)]
where ˜δ = −B
C
, (10)
which leads to
d2
dz2
Ψ + k2V (z)Ψ = 0, (11)
where
k2V (z) = k2⊥
[
B2 − AC
C2
]
= k2⊥
N2 (z) − σ2σ2 − f 2 +
(
σ fs
σ2 − f 2
)2 , (12)
k⊥ being the wave number in the χ direction (Gerkema & Shrira
2005). This enables us to use the method of vertical modes as in
the non-rotating case and the associated tools since, as demon-
strated in Gerkema & Shrira (2005), the modal functions W j that
verify boundary conditions constitute an orthogonal and com-
plete basis.
2.3. Gravito-inertial wave propagation in rotating stars
We will now describe GIWs propagation as a function of their
frequency σ.
At a given z, GIWs are propagative if ∆ = B2−AC > 0. This
leads to an allowed frequency spectrum σ− < σ < σ+, where
σ± =
1√
2
√[
N2 + f 2 + f 2s
] ± √[N2 + f 2 + f 2s ]2 − (2 f N)2.
(13)
In convective regions, which excite GIWs, the local vertical
number (Eq. (12)) becomes
k2CZ ≡ k2⊥
σ2(
σ2 − f 2)2
[(
f 2 + f 2s
)
− σ2
]
= k2⊥
[[
R˜o (Θ, α)
]−2 − 1](
1 − R−2o cos2 Θ
)2 ,
(14)
Fig. 2. Low frequency spectrum of waves in a non-rotating (Ω = 0, top)
and in a rotating (bottom) star. For each case, waves in the convection
and radiation zones are indicated at the top and bottom, respectively.
The red box corresponds to sub-inertial gravito-inertial waves where
the cavities of gravity and inertial waves are coupled.
where we defined a local wave Rossby number
R˜o = Ro
[
cos2 Θ + sin2 α sin2 Θ
]−1/2 (15)
expressed as a function of the wave’s Rossby number Ro =
σ/2Ω.
Then, we identify for α = π/2 the allowed frequency domain
for inertial waves 0 < σ < 2Ω (i.e. Ro < 1). On one hand, in the
local super-inertial regime ( R˜o > 1), there are turning points (zt;i)
in the radiation zones for which k2V
(
zt;i
)
= 0 (see Eq. (16)) and
GIWs are evanescent in convection zones. On the other hand, in
the local sub-inertial domain ( R˜o < 1), GIWs propagate in the
whole radiation zone and become propagative inertial waves in
convection zones.
These two behaviours (see Fig. 2) have been isolated by
Dintrans & Rieutord (2000) for a 1.5M⊙ star (see their Fig. 6).
The cases of typical solar-type stars (1M⊙) and massive stars
(12M⊙) are illustrated in Fig. 3 for a small horizontal cross-
section box along a given radius. By defining a synthetic profile
of positive Brunt-Vaïsälä frequency with a maximum value Nmax
computed using a 1-D stellar evolution code, we plot {σ−, σ+}
profiles for various values of the rotation rate: Ω = 0.1Ωc (in
blue), 0.5Ωc (in purple) and Ωc (in red). The critical angular ve-
locity is Ωc =
√
GM/R3, where G, M and R are the gravity
universal constant, the stellar mass and radius, respectively. In
the case of the 12M⊙ massive star, note that we have filtered
out the bumps of N at the top of the convective core and just
below the stellar surface. We point out that SΩ = Nmax/2Ω(
and SΩ;c = Nmax/2Ωc
)
are the control parameters that determine
if the second regime, in which GIWs propagate in the whole ra-
diation zone and become inertial waves in the convection zone,
spreads over a large frequency range. As shown in Fig. 3, this
can be the case of rapidly rotating massive stars. Therefore, we
have from now on to distinguish these two regimes.
2.3.1. Super-inertial regime
(
R˜o > 1
)
In the case of the super-inertial regime, there are two turning
points (zt;1, zt;2 with zt;1 < zt;2) in the radiation zone for which
k2V = 0 that corresponds to values of z where
N2 = σ2
[
σ2 −
(
f 2 + f 2s
)]
(
σ2 − f 2) . (16)
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Fig. 3. Synthetic profiles of {σ−, σ+} (color lines) and N (solid black line) for a 1M⊙ solar-type star (left) and a 12M⊙ massive star (right) for
α = π/2, Θ = 5π/12, and various rotation rates: Ω = 0.1Ωc (blue dotted-dashed line), 0.5Ωc ( green dashed line), 1Ωc (red long-dashed line). The
border between the convection and radiation zones (CZ and RZ) is given by the grey vertical line. In the case of the 12M⊙ massive star, note that
we have filtered out the bumps of N at the top of the convective core and just below the stellar surface. In convection zones, σ− ∼ N ∼ 0.
To get an asymptotic expression of Ψ (defined in Eq. (10))
in the whole radiation zone, we have to go beyond the usual
JWKB approximation (Fröman & Fröman 2005), which fails
at turning points, and adopt the uniform Airy approximation
(Berry & Mount 1972). The latter has been introduced in quan-
tum mechanics and allows us to get asymptotic expressions in
terms of Airy functions, which are valid close and far from turn-
ing points. Following Brault et al. (1988), we obtain in the case
of an external convective zone:
Ψ (z < zc) = A
 Φ (z)k2V (r)
1/4 Ai [Φ (z)] , (17)
where
Φ (z) = ε
(
3
2
∫ z
zt;2
|kV
(
z′
) |dz′)2/3 with ε = {1 if k2V < 0−1 if k2V > 0
(18)
and kV given in Eq. (12). In the convective region, GIWs are
evanescent and we obtain using asymptotic properties of Airy
functions and Eq.(14):
Ψ (z > zc) = A√
k⊥p
exp [−k⊥p (z − zc) − ∆ (zt;2, zc)] , (19)
where we define
p =
√
|1 − R˜−2o |
|1 − R−2o cos2 Θ|
and ∆ (z1, z2) =
∫ z2
z1
|kV |dz′. (20)
We recall that zc is the altitude of the transition radia-
tion/convection. In this regime, p corresponds to the decay rate
of the velocity in the convection zone. If we choose to verify no-
slip boundary conditions w (zb, χ, t) = w (zs, χ, t) = 0, where zb
and zs are the altitudes corresponding to the bottom and the top
of the box, we can deduce eigenfrequencies using Bohr quantisa-
tion (Landau & Lifshitz 1965)
∫ zt;2
zt;1
|kV | dz′ =
(
k + 1
2
)
π, where k
is an integer.
Then, the complete bidimensionnal expression for the verti-
cal velocity is obtained using Eq. (10):
W (z > zc, χ) = A√
k⊥p
exp
[−k⊥p (Ro) (z − zc) − ∆ (zt;2, zc)]
× cos
[
k⊥
(
χ + ˜δ (Ro) z
)]
, (21)
where
˜δ = −R
−2
o cosΘ sinΘ sinα
R−2o cos2 Θ − 1
. (22)
The evolution of p and ˜δ as a function of Ro and Θ are plotted
in Fig. 4. In the super-inertial regime, p increases with Ro (with
p → 1 for Ro → ∞). This means that the decay rate of the wave
function in the convective zone decreases when the rotation rate
increases until Ro = 1. Moreover, ˜δ tends to vanish at large Ro
while it increases with the rotation rate until Ro = 1. This cor-
responds to the fact that, as soon as rotation becomes important,
the problem is non-separable in z and χ while it is completely
separable in the non-rotating case (i.e. Ro → ∞). Accordingly,
modifications of GIW velocity fields occur. This shows the im-
portant impact of the Coriolis acceleration, which will modify
their couplings with convective flows.
In this work, we use the uniform Airy approximation. In the
case of very steep transition from convection to radiation on a
characteristic distance d such that k⊥d < 1, Lecoanet & Quataert
(2013) pointed that it would be better to adopt solutions of Eq.
(11) corresponding to a buoyancy frequency profile expressed as
a function of an hyperbolic tangent. Such combination of steep
transition and rotation will be examined in a near future and is
beyond the scope of this work. In fact, the evanescent or prop-
agative behaviors of GIWs in convection zones depends only on
the sign of k2V .
2.3.2. Sub-inertial regime
(
R˜o < 1
)
In the case of the sub-inertial regime, waves are propagative in
the whole domain without any turning point (k2V > 0). Assuming
the JWKB approximation in the radiation zone, we can write
Ψ (z) = A 1√|kV |
sin
(∫ z
zb
|kV | dz′
)
, (23)
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Fig. 4. Evolution of p (top) and ˜δ (bottom) as a function of Ro for α =
π/2 and different inclination angle:Θ = π/6 (black solid line), π/4 (blue
long-dashed line), π/3 ( green dashed line) and π/2 (red dot-dashed
line). ˜δ vanishes for Θ = π/2 (see Eq. (22)). The border between the
sub-inertial and the super-inertial regimes is given by the grey dashed
line.
where kV is given in Eq. (12). In the convective region, we get
for inertial waves using Eq. (14):
Ψ (z > zc) = A√
k⊥p
sin
[k⊥p (z − zc) + ∆ (zb, zc)] , (24)
where p and ∆ have been defined in Eq. (20). As in the
super-inertial case, we can use Bohr quantisation to get eigen-
frequencies in the case of no-slip boundary conditions, i.e.∫ zs
zb
|kV | dz′ = nπ, where n is an integer.
The complete bidimensionnal expression for the vertical ve-
locity is obtained using Eq. (10):
W (z > zc, χ) = A√
k⊥p
sin
[k⊥p (Ro) (z − zc) + ∆ (zb, zc)]
× cos
[
k⊥
(
χ + ˜δ (Ro) z
)]
. (25)
In this regime, p (see Eq. (20)) is the vertical wave number of the
propagative inertial wave in the convection zone. The variations
of p and ˜δ as a function of Ro in the sub-inertial regime, shown
in Fig. 4, imply that the velocity field becomes more and more
oscillatory as the rotation rate increases until Ro = cos(Θ) where
the denominators of p and ˜δ vanish.Θc = cos−1 (Ro) corresponds
zc CZRZ zt;2
z
Y
Fig. 5. Cartoon for the general behaviours of Ψ in the super-inertial
(solid blue line) and in the sub-inertial (red dashed line) regimes around
the external turning point zt;2 (vertical purple line) for a star with a con-
vective envelope (for z > zc). The border between the convection and
radiation zones (CZ and RZ) is given by the black vertical line.
to the critical colatitude above which GIWs are trapped in the
radiation zone in the sub-inertial regime (e.g. Mathis & de Brye
2012). This behaviour is strongly different from the one obtained
in the super-inertial regime and will modify GIWs stochastic ex-
citation by convective flows, as represented in Fig 5.
3. Gravito-inertial wave stochastic excitation by
turbulent convection
3.1. The forced Poincaré equation
To obtain the amplitude of GIWs excited by turbulent con-
vective zones, we follow Goldreich & Kumar (1990) and
Lecoanet & Quataert (2013). The equation for the vertical com-
ponent of the wave velocity (w) is given for the radiation zone in
Eq. (7) and for the convective region by
∂t,t
[
∇2w
]
+ 4 (Ω · ∇)2 w = ∂tS = ∂t
[
∂z∇ · F − ∇2Fz
]
. (26)
We introduce the turbulent source function S, defined as a func-
tion of the convective Reynolds stresses F = ∇ · (ucuc). A com-
plete overview of the different excitation sources, which can ex-
cite GIWs in a rotating star, has been given in Belkacem et al.
(2009a, see also Samadi & Goupil 2001). They demonstrated
that we can focus on this term ∂tS.
Using the orthogonality of GIW functions in our carte-
sian set-up, which has been demonstrated by Gerkema & Shrira
(2005), we can derive a formal expression for the amplitude
of GIWs depending on their super- or sub-inertial behaviour.
Following Goldreich & Kumar (1990) and Lecoanet & Quataert
(2013) , we expand the solution of Eq. (26) as
W =
1√A
∑
σi
A (t, σi) Wi exp (iσit) , (27)
where σi are the eigenfrequencies, Wi the corresponding eigen-
functions of the homogeneous equation and A the horizontal
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cross-section of the box. We obtain∣∣∣Asup∣∣∣ =
√A
∣∣∣σ2 − f 2∣∣∣
2σ k2⊥
1
|C|
× 1√
k⊥p
∫ t
−∞
dτ
∫
V
dx dy dζ ∂tS (x, y, ζ, τ)
× exp
[
−i k⊥
[
(x cosα + y sinα) + ˜δ (Ro) ζ
]
− iστ
]
× exp [−k⊥p (Ro) (ζ − zc) − ∆ (zt;2, zc)] (28)
and∣∣∣Asub∣∣∣ =
√A
∣∣∣σ2 − f 2∣∣∣
2σ k2⊥
1
|C|
× 1√
k⊥p
∫ t
−∞
dτ
∫
V
dx dy dζ ∂tS (x, y, ζ, τ)
× exp
[
−i k⊥
[
(x cosα + y sinα) + ˜δ (Ro) ζ
]
− iστ
]
× sin [k⊥p (Ro) (ζ − zc) + ∆ (zb, zc)] , (29)
where V is the volume of the box. The normalisation coefficient
(Gerkema & Shrira 2005)
C ≡
[∫
dχ
∫ zs
zb
[
N2 (z) − R2 (z)
]
Wi (z, χ) W∗i (z, χ) dz
]
, (30)
where
R (z)2 =
σ2 f 2s + σ2
(
f 2 − σ2
)
f 2 − σ2 (31)
is introduced because the eigenfunctions Wi are only orthogo-
nal. Applying Eqs. (28-29) to the non-rotating case and working
with the vertical displacement ξz, where w = ∂tξz, we recover
Eq. (C3) in Lecoanet & Quataert (2013). This formal expres-
sions demonstrate how the coupling between the wave’s velocity
and convective turbulence is a function of Ro = σ/2Ω (via p, see
Eq. (20), and δ, see Eq. (22)). In the super-inertial regime, turbu-
lent convective flows are correlated with an evanescent gravito-
inertial wave (the last exponential term), while in the sub-inertial
regime they couple with a propagative inertial wave (the sinu-
soidal term). To go further, we have to be more specific on the
turbulent source function, and to discuss its modification by ro-
tation.
3.2. The modification of turbulence by rotation
3.2.1. The various regimes
Rotation strongly modifies the properties of turbulent flows.
First, it induces anisotropy of the flows with a tendency to a bi-
dimensionalisation. Next, the turbulent energy cascade towards
small scales is slowed down, in particular in the case of decaying
turbulence. Finally, relatively strong columnar structures along
the direction of the axis of rotation appear.
We consider the non-linear Navier-Stockes equation in the
rotating reference frame for an homogeneous fluid:
∂tu + (u · ∇) u + 2Ω × u = −1
ρ
∇P + b + ν∇2u, (32)
where b corresponds to the buoyancy. If we introduce the char-
acteristic scales of velocity (U), length (L) and time (T ) to non-
dimensionalised Eq. (32), we obtain
Ro∂t∗u∗+RNLo (u∗ · ∇∗) u∗+eˆΩ//×u∗ = −∇π∗+b∗+
RNLo
Re
∇∗2u∗, (33)
where t∗ = t/T , ∇∗ = L∇, u∗ = u/U, π∗ = P/ (ρ2ΩLU), b∗ =
b/ (2ΩU) and eΩ
//
is the unit vector along the rotation axis (eΩ⊥
is respectively the perpendicular one). We have introduced the
linear and non-linear Rossby numbers and the Reynolds number
Ro =
1
2ΩT
≡ σ
2Ω
, RNLo =
U
2Ω L
and Re =
UL
ν
. (34)
Then, neglecting the buoyancy force, different regimes can be
identified.
– When Ro << 1, RNLo << 1 and Re >> 1, we identify the
geostrophic equilibrium between the Coriolis acceleration
and the pressure gradient.
– When Ro ≤ 1 and RNLo <<1, we get linear progressive inertial
waves, superimposed to the geostrophic equilibrium state.
– When
{
Ro,RNLo
}
≤ 1 and Re >>1, we get the so-called "wave
turbulence" regime, where the rotating strongly anisotropic
turbulent flow can be described as a system of inertial waves
in interaction. In this regime, thanks to non-linearities, trans-
fers of energy occur between the various scales of the flow.
– When
{
Ro,RNLo
}
> 1 and Re >> 1, we recover the case of the
"classical" turbulence perturbed by rotation, with a charac-
teristic time-scale that is larger than or of the order of the tur-
bulent convective turnover time L/U. The turbulent flows are
close to the assumption of homogeneous and isotropic tur-
bulence if RNLo >> 1. Finally, turbulence is coupled to super-
inertial GIWs (Ro > 1) that are evanescent in convection
zones.
In stellar convection zones, characteristic dimensionless
numbers can be qualitatively evaluated using the scaling-law for
the convective velocities proposed by Brun (2014)
uc ≈
[
L∗
ρCZR2
]1/3
, (35)
where L∗ is the luminosity of the star, R its radius and ρCZ the
mean density of the studied convective region. Then, the convec-
tive Rossby number can be evaluated as
RNL;co ≡
Wc
2Ω
≈ uc
2ΩDc
, (36)
whereWc is the convective vorticity and Dc the thickness of the
convective zone.
3.2.2. The asymptotic case of slow rotation
We consider the regime with RNLo >> 1 discussed above,
i.e. the case where rotation only weakly affects turbulence.
This regime has been previously studied in the literature
(Samadi & Goupil 2001; Samadi et al. 2003a,b; Belkacem et al.
2009a; Samadi et al. 2010). We follow the method of
Samadi & Goupil (2001) and Samadi et al. (2003a,b, 2010), and
we introduce the volumetric excitation rate, which is obtained
from an integration by part of Eq. (28):
PR = π
3
I
∫ M
0
dm
 Fkin L4c
∫ ∞
0
dk
k2
1615
(
d2W
dz2
)2
˜S (k, σ)

 ,
(37)
where
˜S (k, σ) = w−3c L−4c [E (k)]2 Gk (σ) . (38)
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In these equations, wc is the rms value of the vertical component
of the convective velocity uc, Fkin = 12ρw
3
c the vertical flux of ki-
netic energy, Lc the characteristic length of convective flows, dm
the infinitesimal mass element and I the mass-mode. Moreover,
E (k) is the kinetic energy spectrum associated with the turbulent
convective velocity field, where k is the eddy wavenumber in the
Fourier space, and Gk (σ) describes the time-dependent part of
the turbulent spectrum, which models the correlation time-scale
of an eddy with a wavenumber k. As pointed by Samadi (2011),
the separation between turbulent velocities and waves and this
expansion of the turbulent source function can only be applied
to isotropic turbulence in the regime of slow rotation, and we
will see in Sec. 3.2.3 that in the case of rapid rotation they must
be abandoned. For a quantitative estimate of the amplitude, E
and Gk can be computed using 3D numerical simulations (e.g.
Samadi et al. 2003a; Belkacem et al. 2009b; Rogers et al. 2013).
Until Sect. 3.2, the action of rotation has been taken into ac-
count for the modification of waves’ velocity field only. In par-
ticular, we have demonstrated that super-inertial GIWs are less
and less evanescent when their Rossby number (Ro) is decreased.
This increases the possibility of couplings between GIWs and
turbulent eddies. In fact, the weaker p (Ro) for a wave, the
stronger the possibility for its coupling with an eddy of charac-
teristic length-scale 1/k⊥. In Eq. (37), we introduced wc, the rms
value of the vertical component of the convective velocity (Eq.
35). However, while it provides us the strength of the vertical
flux of kinetic energy transported by convective flows, it does not
take their modification by rotation into account. We thus have
to consider the evolution of the kinetic energy spatial spectrum
(E (k)) as a function of the non-linear Rossby number (RNLo ). In-
deed, while in the non-rotating case, we can approximate the
spectrum using a Kolmogorov-like form E (k) ∝ k−5/3, it be-
comes steeper as soon as rotation is increased: E (k) ∝ k−β(RNLo )
(see e.g. Zhou 1995; Morize et al. 2005). Therefore, it is nec-
essary to get spectra of rotating turbulent flows using numerical
simulations and laboratory experiments to take into account the
action of the Coriolis acceleration on convective flows.
The rate of energy injection in GIWs is also a function of
their time-correlation with turbulent eddies (Samadi et al. 2010).
On one hand, it is maximum for P = 2π/σ ≥ Tc, where Tc is
the characteristic eddy turn-over time and P is the period of the
modes. On the other hand, it decreases strongly when P < Tc.
Since rotation affects general properties of turbulent eddies, it
will also affect the time-correlation function.
To evaluate how turbulent convective flows are influenced by
rotation, we can use results obtained in numerical simulations
and laboratory experiments. We introduce the Rayleigh num-
ber, Ra = αTg∆T D3/κν, that compares the strength of buoy-
ancy and diffusion in convective regions, and the Ekman number,
E = ν/2ΩD2, that compares the viscous force and the Coriolis
acceleration. αT is the fluid’s thermal expansion coefficient, g
the gravity, ∆T the temperature difference across the convective
region and D its thickness. ν and κ are the fluid viscous and ther-
mal diffusivities respectively. King et al. (2012) and Julien et al.
(2012a) showed that the control parameter of the problem is a
transition Rayleigh number that scales as a power-law of the Ek-
man number, i.e. Ra;t ∼ Eγ (Julien et al. (2012a) gives γ = −8/5
while King et al. (2012) predict γ = −3/2). At a given rotation
rate, if Ra > Ra;t the convection is weakly modified by rotation
while cases where Ra < Ra;t are in the rapidly rotating regime. A
complete discussion of the properties of the flows can be found
in King et al. (2013) (see also Julien et al. (2012b)).
The modification of the amplitude of super-inertial GIWs in
the slowly rotating case thus results from the modification of
their propagation in convection zones by the Coriolis accelera-
tion (Sect. 2.3.) and of its impact on convective eddies.
3.2.3. The asymptotic case of rapid rotation
In the case of rapid rotation, as explained in Sect. 3.2.1, we can-
not separate turbulence from propagative inertial waves (which
correspond to sub-inertial GIWs in the radiation zones). Indeed,
turbulent flows, which become highly anisotropic, can be un-
derstood as non-linearly interacting inertial waves. Following
Sen et al. (2012) (see also e.g. Smith & Waleffe 1999; Galtier
2003; Cambon et al. 2004; Bourouiba et al. 2012), we introduce
the wave-vector expansion
k = k êk = kΩ// + k
Ω
⊥ = kΩ// eˆ
Ω
// + k
Ω
⊥ eˆ
Ω
⊥, (39)
which has been decomposed along the directions respectively
parallel and orthogonal to the rotation axis. Note that for α = π/2
(see Fig. 1), we have
kΩ// =kΩ//
(
cosΘ eˆz + sinΘ eˆy
)
and kΩ⊥ =kΩ⊥
(
sinΘ eˆz − cosΘ eˆy
)
,
(40)
which correspond to kV + k⊥ ˜δ (Ro) = kΩ// cosΘ + kΩ⊥ sinΘ and
k⊥ = kΩ// sinΘ − kΩ⊥ cosΘ for inertial waves described in Sect.
2.3.2. Then, the general solution for the velocity field (u) of
propagative inertial waves in the convection zone can be ex-
panded (see Smith & Waleffe 1999):
u (x, t) =
∑
k,s
bs (k) hs (k) exp [i (k · x − σs t)] , (41)
where
hs = eˆk ×
(
eˆk × eˆΩ//
)
+ i s
(
eˆk × eˆΩ//
)
(42)
is the Craya-Herring helical basis and
σs = s2Ω · eˆk = s2Ω
kΩ
//√(
kΩ
//
)2
+
(
kΩ⊥
)2 with s = ±1. (43)
Waves are circularly polarised and they propagate with velocities
that are normal to k and rotate around it during their propagation
with a group velocity vg = sk × (2Ω × k) /|k|3. Waves with a
negative helicity (s = 1) propagate upward (vg · Ω > 0), while
those with a positive helicity (s = −1) travel downward (vg ·Ω <
0).
If we adopt the framework of the weak inertial-wave turbu-
lence theory (e.g. Galtier 2003), we substitute Eq. (41) in Eq.
(32) which leads to the following equation for bs (k) ≡ bsk :
(
∂t + νk2
)
bsk = RNLo
σsk+σsp+σsq=0∑
k+p+q=0
∑
sp,sq
{
Csk ,sp,sqk,p,q b
∗
sp
b∗sq
× exp
[
i
(
σsk + σsp + σsq
)
t
]}
, (44)
with
Csk ,sp,sqk,p,q =
(
sq q − sp p
) [(
h∗sk × h∗sp
)
· h∗sq
]
, (45)
where ∗ indicates a complex conjugate. The non-linear terms on
the right-hand side correspond to triadic interactions and are of
the order of RNLo . In the rapidly rotating case where RNLo is small,
the inertial waves oscillate on a rapid time-scale (2Ω)−1 while
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their amplitudes (bsk) evolve on the slow time-scale
(
RNLo Ω
)−1
.
In this framework, the terms exp
[
i
(
σsk + σsp + σsq
)
t
]
with σsk+
σsp +σsq , 0 are rapidly oscillating but they average out to zero
when one considers the long timescale of order (RNLo Ω)−1. This
leads us to only consider near resonance configurations in which
k + p + q = 0 and σsk + σsp + σsq = O
(
RNLo
)
. (46)
If we assume the Waleffe’s instability assumption
(Smith & Waleffe 1999), these equations allow us to un-
derstand the mechanism of transfer of energy towards 2D
vortical modes (with kΩ
//
= 0) that is responsible for the forma-
tion of strong columnar flows observed in rapidly rotating fluids
in laboratory experiments and in numerical simulations.
However, as pointed by Sen et al. (2012), it is necessary to
go beyond the above formalism. Indeed, in realistic flows there
are energy transfers from 3D to 2D modes but also from 2D to
3D modes that cannot be described by the weak inertial-wave
turbulence theory. Following Sen et al. (2012), we decompose
the velocity field in the convective region as a superposition of
3D (or wave modes) and of slow 2D vortical modes:
u (k)=
u3D (k) with k ∈ Wku2D (kΩ⊥) = u⊥ (kΩ⊥) + w (kΩ⊥) eˆΩ// with k ∈ Vk (47)
whereWk ≡
{
k such that |k| , 0 and kΩ
//
, 0
}
Vk ≡
{
k such that |k| , 0 and kΩ
//
= 0
} . (48)
The total kinetic energy is expanded as
E =
∑
k
|u (k) |2/2 = E3D + E2D = E3D + (E⊥ + Ew) (49)
where
E3D =
∑
k∈Wk |u3D (k)|2 /2
E2D =
∑
kΩ⊥
∣∣∣∣u2D (kΩ⊥)∣∣∣∣2 /2
E⊥ =
∑
kΩ⊥
∣∣∣∣u⊥ (kΩ⊥)∣∣∣∣2 /2
Ew =
∑
kΩ⊥
∣∣∣∣w (kΩ⊥)∣∣∣∣2 /2.
(50)
By multiplying the spectral form of the momentum equation by
u∗ (k), we can derive the two coupled differential equations for
the total energy in 3D inertial modes and in 2D slow modes (see
Sen et al. 2012):
d
dt E3D = Π2D→3D − Π3D + ε3D
d
dt E2D = −Π2D→3D − Π2D + ε2D. (51)
In these equations, ε j, where j = {3D, 2D}, corresponds to the
forced energy injection into j-modes and Π j is the energy that is
transferred to small scales and dissipated per unit of time, bal-
ancing ε j. Finally, Π2D→3D, which is of the order of RNLo , is the
flux of energy that is transferred from 2D to 3D modes when it
is positive (and from 3D to 2D modes when it is negative).
When applied to numerical simulations of rapidly rotating
turbulent flows (e.g. Sen et al. 2012), these equations allow us
to isolate the energy contained in 3D and in 2D modes and thus
their respective strength. Moreover, in Mininni et al. (2011) and
Sen et al. (2012), the authors tested various types of forcing and
demonstrated that, in most of their simulations, Π2D→3D is nega-
tive for small values of kΩ
//
, which indicates that the energy goes
from 3D modes towards 2D ones for larger scales, and positive
for large values of kΩ
//
(energy is transferred to 3D modes for
smaller scales; see also Fig. 12 in Sen et al. 2012). Moreover, to
identify wave vectors in rapidly rotating turbulent regions, it is
interesting to define the axisymmetric energy spectrum
e
(
kΩ⊥ , kΩ//
)
= e(k, θk) = 12
∑
kΩ⊥<|k×eˆΩ// |<kΩ⊥+1
kΩ
//
≤|k·eˆΩ
//
|<kΩ
//
+1
|u (k) |2, (52)
where θk is the colatitude with respect to the rotation axis in the
Fourier space. We identify
E2D =
∑
kΩ⊥
e
(
kΩ⊥ , kΩ// = 0
)
=
∑
k
e (k, θk = π/2) (53)
and
E3D =
∑
k
{E (k) − e (k, θk = π/2)} . (54)
An interesting application of this diagnosis can be found in
Clark di Leoni et al. (2013) in which the strength of inertial
waves in a rotating turbulent flow has been examined. Moreover,
in Sen et al. (2013), a weak-wave turbulence theory for rotation-
ally constrained slow inertial waves is built. In the case of non-
helical dynamics, it leads to a spectrum of the form
ek = e
(
kΩ⊥ , kΩ//
)
=
∑
sk
bskb∗sk ∝ kΩ⊥
−3kΩ//
−1
, (55)
which has been observed in several numerical simulations
(e.g. Teitelbaum & Mininni 2012; Mininni et al. 2012). In the
helical case, the scaling ∝ kΩ⊥−3 is observed (see also
Mininni & Pouquet 2010). This anisotropic kinetic energy spec-
trum is directly related to the amplitude coefficients of inertial
waves (bs (k); see Eqs. 41 and 54) that become sub-inertial GIWs
in the adjacent radiative zone. It corresponds to Eqs. (37) and
(38) derived in the slowly rotating case, the important differences
being that in the case of rapid rotation waves and turbulent flows
cannot be separated as in the slowly rotating regime and that tur-
bulence becomes anisotropic.
In the context of the stochastic excitation of GIWs in rapidly
rotating stars, these diagnoses are very important. First, as it
is shown in Figs. 3 and 5, 3D inertial modes that propagate in
turbulent convection zones, convert into sub-inertial GIWs in
the adjacent radiative regions. Next, the turbulent structures
associated to 2D modes, in which the energy propagates
along the rotation axis, will also excite GIWs because of their
penetration at the interfaces between convection and radiation
(e.g. Takehiro & Lister 2001). In this context, it is mandatory
to go beyond the traditional approximation, the non-traditional
terms being those that allow us to properly couple the gravity
and inertial modes (see Fig. 3).
In the two above subsections, we have discussed the way in
which rotation deeply impacts the nature of turbulent flows that
excite stochastically GIWs in stellar interiors. On one hand, in
the case of slow rotation, turbulence is only weakly perturbed by
rotation and is coupled to super-inertial GIWs, which are evanes-
cent in convective zones. When rotation is increased, they are
less and less evanescent until Ro = 1. On the other hand, in the
case of rapidly rotating stars, turbulent flows are deeply modified
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Fig. 6. Wave-turbulence couplings as a function of the non-linear
Rossby number
(
RNLo
)
. Resonant excitation is obtained for RNLo ≈ Ro.
by rotation and they become intrisically coupled with inertial
waves, which corresponds to sub-inertial GIWs. This theoretical
picture shows the importance of computing high-resolution nu-
merical simulations of rapidly rotating turbulent convective stel-
lar regions with adjacent radiative zones in a near future to test
our scenario as a function of Ro and of RNLo for various stellar
types (e.g. Browning et al. 2004; Ballot et al. 2007; Brown et al.
2008; Matt et al. 2011; Brun et al. 2011b; Rogers et al. 2013;
Alvan et al. 2013)
4. Discussion and conclusions
In this work, we have formally demonstrated that rotation,
through the Coriolis acceleration, modifies the stochastic exci-
tation of gravity waves and GIWs, the control parameters be-
ing the wave’s Rossby number Ro = σ/2Ω and the non-linear
Rossby number RNLo of convective turbulent flows. On one hand,
in the super-inertial regime (σ > 2Ω, i.e. Ro > 1), the evanes-
cent behaviour of GIWs above (below) the external (internal)
turning point becomes increasingly weaker as the rotation speed
grows until Ro = 1. Simultaneously, the turbulent energy cas-
cade towards small scales is slowed down. The coupling between
super-inertial GIWs and given turbulent convective flows is then
amplified as described in Eq. (28). On the other hand, in the sub-
inertial regime (σ < 2Ω, i.e. Ro < 1), GIWs become propagative
inertial waves in the convection zone. In the case of rapid rota-
tion, turbulent flows, which become strongly anisotropic, result
from their non-linear interactions. Sub-inertial GIWs that cor-
respond to propagating inertial waves in convection zones are
then intrinsically and strongly coupled to rapidly rotating tur-
bulence as discussed in Sect. 3.2.3. These different regimes are
summarised in Fig. 6.
Such effects are of great interest for asteroseismic studies of
rotating stars since gravity wave and GIW amplitudes are thus
expected to be stronger in rapidly rotating stars, a conclusion
that is supported by recent numerical simulations (Rogers et al.
2013). For example, until recently, stochastically excited gravity
waves were thought to be of too low amplitude to be detected
even with space missions such as CoRoT (Samadi et al. 2010).
The discovery of stochastically excited GIWs in the rapid rotator
HD 51452 (Neiner et al. 2012) proved that such waves can be de-
tected. Our results show how the amplitude of these waves can
be enhanced thanks to rotation. The interpretation of observed
pulsational frequencies in rapid rotators should take this into ac-
count. In particular, oscillations observed in βCep and Slowly
Pulsating B (SPB) stars should not be systematically attributed
to the κ-mechanism, as it was done until now, if the star rotates
fast. For example, the GIWs observed in HD 43317 (Pápics et al.
2012) might be of stochastic origin and might have been en-
hanced by rapid rotation. This is of course especially true for
Be and Bn stars.
Moreover, the related transport of angular momentum, which
until now was believed to become less efficient because of GIWs
equatorial trapping in the sub-inertial regime (Mathis et al. 2008;
Mathis 2009; Mathis & de Brye 2012), may be sustained thanks
to the stronger stochastic excitation by turbulent convective
flows. This may have important consequences for example
for rapidly rotating young low-mass stars (Talon & Charbonnel
2008; Charbonnel et al. 2013) and active intermediate-mass and
massive stars such as Be stars. For example, Neiner et al. (2013)
proposed that the outburst of the Be star HD 49330 observed by
CoRoT (Huat et al. 2009) is due to the deposit of angular mo-
mentum by GIWs just below the surface (see also Lee 2013).
Our prediction should now be confronted to realistic numeri-
cal simulations of stochastic excitation of GIWs in stellar interi-
ors (e.g. Brun et al. 2011a; Rogers et al. 2012, 2013; Alvan et al.
2013), to laboratory experiments (Perrard et al. 2013), as well as
to a larger statistical sample of observed pulsating stars with de-
tected GIWs. Moreover, a global formalism to treat the problem
in the spheroidal geometry corresponding to rotating stars must
be built in a near future.
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